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^ . Abstract 

. We prove the vanishing of higher ^-genera, in the sense of Browder and 

I Hsiang [41, on smooth S'^-manifolds with finite 7r2 and ir^. 
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■ 1 Introduction 

The classical result of Atiyah and Hirzebruch AH about the vanishing of the A-genus 
on Spin manifolds with actions was generalized by Browder and Hsiang Broader to 
^ ! higher A-genera in the following form. 

> ■ 

0\ I Theorem 1.1 [4| Theorem 1.8] Let M be a closed Spin manifold with a smooth effec- 

tive action of a compact, connected, positive- dimensional Lie group G. Then 



p,{[M]nA)=0, 

where p: M — > M/G, and A G iJ^*(M;Q) is the A polynomial in the Pontrjagin 



O 

^ ■ 

O ■ classes. 

Furthermore, from this theorem they also deduced a higher A- genus theorem anal- 
^ I ogous to Novikov's "higher signature" . 

By a closed manifold M, we mean a compact manifold without boundary. Notice 
that if G is a compact Lie group not necessarily connected then we restrict our attention 
to the connected component of the identity element. 

In this paper, we prove two theorems (Theorems 11.21 and 14. ip for non-Spin G- 
manifolds with finite 7r2 and 7r4. They are analogous to those of Browder and Hsiang 
[1] for Spin manifolds. 
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Theorem 1.2 Let M be a smooth, closed, connected, oriented (even- dimensional) G- 
manifold with finite tt2{M) and tt4{M), where G is a compact, connected, positive- 
dimensional Lie group. Then for any y G H*{M/G, Q) 



{AUp*{y))[M] = 



which implies 



where p: M 



p,{[M]nA)=0, 
M/ G is the projection map, A G H^* 



(M; Q) is the A polynomial. 



The proof will make use of the G-transversality approach of Browder and Quinn 
[5], properties of G-transverse submanifolds, and the rigidity of the elliptic genus on 
manifolds admitting 2-balanced actions (see below). 
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2 /S^ -transverse submanifolds of manifolds with fi- 
nite 7T2 and 7T4 

Definition 2.1 Let G be a connected Lie group acting smoothly on a manifold M. 
Let H be a subgroup of G. We denote by the fixed point set of H on M. A 
G-invariant submanifold N of M is called transverse if N intersects transversely 
for every subgroup H of G. 

In order to prove Theorem 11.21 we only need to consider a circle action. Thus, we 
can choose any circle subgroup ^ G. We denote by the fixed point set of 
the circle action. At a fixed point p G , the tangent space of M becomes a real 
representation of S^, whose complexification can be written as 



where t"' denotes the representation on which A G S*^ acts by multiplication by A°, and 
d is half the dimension of M. The term (t" + t~") corresponds to the representation 



TpM ® c = (r^ + r™^) + ■ ■ ■ + (r-* + 1""") 
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The numbers ±mi,...,±mrf are called the exponents (or weights) of the S'^-action 
at the point p. A circle action is called 2-balanced if the parity of Yl'i=i does not 
depend on the connected component of M^^ (cf. HiBJ). Since we are only interested 
in the parity of Xl^Li '^j; do not worry about the choice of signs. 

Lemma 2.2 Let M he a -manifold with finite tt2{M) and tt4{M). Let N be an 
-transverse suhmanifold of M. Then the action on N is 2-balanced. 

Proof Since meets M^^ transversely, for p E N H M^^ 

TpM = TpN + TpM^\ 

Notice that A^'^^ = fl M^^ . Let p, p' G A^*^^ lie in two different components of A^'^^ . 
The tangent spaces to A^ at p and p' become 5*^ representations so that 

TpN ® c = + + . . . + (r^-(p) + 
Tp,N o c = (ri(p') + + . . . + + 

and we have to verify that 

(ni(p) + ... + nfc(p))-(ni(p') + --- + nfc.(p')) =0 (mod 2). (1) 

Observe that the numbers nj(p) and ni{p') are, in fact, exponents of the action of on 
the manifold M, and that ([T]) is the difference of exponents of the manifold M, since 
the only missing directions of the tangent space of M are trivial representations (as A^ 
and meet transversely). Since M has finite 7r2(M) and 714 (M), by [3l Theorem V] 

fit) = TpM, - Tp,M, = (1 - tfP{t), 

where P{t) = ^ &jt* with only finitely many 6j's different from zero. Since real repre- 
sentations are invariant under the automorphism t ^ t~^ 

fit) = fit-'), 
i.e. ^ 

(1 - tmt) = (1 - ^) Pit-'). 

Thus, 

t'Pit) = -Pit-'), 
t^P{t) + P{t-^) = 0, 

t3/2^6,(f+3/2^^-i-3/2) 

3 



Since bi 7^ 0, for every term of the form bi{f~^^^'^ + there must be another 

one that cancels it out, i.e. there must be a j 7^ i such that hi — —bj so that either 
j + 3/2 = i + 3/2 which cannot happen because it contradicts i 7^ j, or — j — 3/2 = 
i + 3/2, and i = —3 — j. Then, all the terms of P{t) can be grouped according to the 
corresponding pairs 

hf + bjf = kf - bit-^-\ 
which multiplied by (1 —t)^ give 

{bif -bit-^-'){l-tf = bi{f + t-')-3k{f+' + t-^'+'^) 

+ sb.if-'^ + r(^+^)) - bi{f+^ + r(^+^)). 

Taking the sum of the exponents (with any choice of signs) with multiplicity gives zero 
(mod 2), 

bi{i) - 3bi{i + 1) + 3bi{i + 2) - bi{i + 3) = (mod 2). 

Remark 2.3 Note that the lemma is still valid if we only require the action on M 
to be 2-balanced instead of M having finite 7r2(M) and 7r4(M). 

3 Elliptic genus on manifolds with 2-balanced S^- 
actions 

Let be the even and odd complex differential forms on the oriented, closed, smooth 
manifold X under the Hodge *-operator, respectively. The signature operator 

df^d-*d*: Ac^ Ac" 

is elliptic and the virtual dimension of its index equals the signature of X, sign(X). 
If W is a complex vector bundle on X endowed with a connection, we can twist the 
signature operator to forms with values in W 

df^W:At{w)^A:{w). 

This operator is also elliptic and the virtual dimension of its index is denoted by 
sign(X,-^). 

Definition 3.1 Let T = TX ® C denote the complexified tangent bundle of X and let 
Ri be the sequence of bundles defined by the formal series 

oo OD 00 

R{q, T) = ^ i?, = (g) A,.T ^ (g) S,,T, 

1=0 1=1 j=l 
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where StT = J2T=o S^Tt^, AtT = Y.V=o N^Tt^, and S^T , /\^T denote the k-th sym- 
metric and exterior tensor powers ofT, respectively. The elliptic genus of X is defined 
as 

oo 

$(X) = ind(rff ® R{q, T)) = ^ sign(X, R,) ■ q\ (2) 

1=0 

Note that the first few terms of the sequence R{q,T) are Rq = 1, Ri = 2T, 
i?2 = 2(T®^ + T). In particular, the constant term of is sign(X). 

If we assume that G is a group acting on M and commuting with the elliptic 
operator, then for g & G the equivariant index of D can be defined as 

index(D)G'(5') = trace((7, KerD) — trace((7, CokerD). 

In an analogous way to the definition of the elliptic genus, now we define the 
equivariant elliptic genus with respect to the action by 

oo 

(A) = sign(X, Ri)s^ (A) ■ q\ (3) 

i=0 

where A G S*^. 

Theorem 3.2 Let X he an 2n- dimensional, oriented, closed, smooth manifold admit- 
ting a smooth 2-balanced S^-action. Then 

<l>(X) = $(X)5i(A) (4) 

for every \ & S^. 

Sketch of proof . The proof of Theorem 13 .21 is along the lines of BT. The equivariant 
elliptic genus $(X)5i(A) turns out to be a meromorphic function on Tg2 = C*/g^ (the 
non-zero complex numbers modulo the multiplicative group generated by ^ 0). 
Thus, the proof of the theorem reduces to proving that $(X)5i(A) has no poles at all 
on Tq2, thus implying that $(X)5i(A) is constant in A. This follows from applying the 
Atiyah-Segal equivariant index theorem and localizing to the S^-fixed point set and 
other auxiliary submanifolds. More precisely, one can define the translate ta$(M)5i(A) 
of $(M)5i(A) by a e C*, to be given by the map at the character level A t-)- aX. In 
order to prove the rigidity theorem of $(M), we shall show that none of the translates 
ta$(M), a G Tg2, by points of finite order on Tg2, has a pole on the circle |A| = 1. The 
translates ta$(M) can be expressed as twists of the elliptic genus on some auxiliary 
manifolds. The auxiliary submanifolds are the fixed point sets Xk of the subgroups 
Zfc C S"^, /c G Z. In doing so, the corresponding expressions have no poles at 1, and 
thus $(X)5i(A) has no poles at points of finite order in Tq2. This argument is valid as 
long as: 
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(i) the submanifolds Xk containing S'^-fixed points are orientable; 

(ii) it is possible to choose an orientation of Xk compatible with X and all the com- 
ponents P contained in Xk- 

(i) is proved in [6l Lemma 1]. (ii) follows as in [21 Lemma 9.3] but using the fact 
that the action is 2-balanced. 

Corollary 3.3 Let X be a even-dimensional, oriented, closed, connected, smooth man- 
ifold admitting a 2-balanced action. If the action is non-trivial then 

A{X) = 0. 

The proof follows in the same way as in [SI Theorem, Section 1.5]. □ 

Corollary 3.4 Let G be a compact positive- dimensional Lie group. Let N be a com- 
pact G-transverse submanifold of a connected, oriented, smooth G-manifold with finite 
7T2{M) and 774 (M). Then the A-genus of N vanishes 

A{N) = 0. 

This follows from Lemma 12.21 and Corollary 13.31 □ 

Remark 3.5 Note that is not necessarily a Spin manifold since M is not required 
to be so. Thus, the vanishing of A[N) is not a consequence of the Atiyah-Hirzebruch 
vanishing theorem. 

Remark 3.6 Note that M does not need to be compact for Corollary 13.41 to hold. 

4 Vanishing of higher A-genera 

In this section we provide the proof of Theorem 1 1.21 The proof follows that of Theorem 
1.8 in [4j, and uses the rigidity of the elliptic genus on manifolds admitting 2-balanced 
5*^ actions. We also prove Theorem 14. H which can be thought of as a higher A-genus 
theorem for G-manifolds with finite 7r2(M) and 714 (M). 

Proof of Theorem \l.S[ We use the G-transversality approach of Browder and Quinn 
[5]. In it, given a manifold X (not necessarily compact) endowed with an action of 
G, they establish a 1-1 correspondence between transverse bordism classes of compact 
framed G-submanifolds of X of codimension k with homotopy classes of maps from 
X/G* to the sphere 5^ [X/G*, S'']. Here X/G* is the 1-point compactification oiX/G. 

Given a space Y, we denote by S*F the t-fold reduced suspension of Y, which is 
homeomorphic to the smash product of Y and S**, S*y = YAS^. 
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To apply in Theorem 4.2], let y G H\M/G). Since rational stable cohomology and 
rational stable cohomotopy are isomorphic, we can find t G N and a map 

p : S*(M/G'+) 5'+* 

such that 

where g generates if'+*(S''^*), and M/G^ is the disjoint union of M/G with a base 
point. Notice that S*(M/G'+) = {M/G x M*)*, the one point compactification of 
M/G X M*. One can consider M x R* as a G-manifold, by extending the action of G 
to the M* factor by a trivial action. By [U Theorem 4.2] there is a compact transverse 
framed G-sub manifold i : M x M*, such that 

p*p*{g)n[{MxRy] = z,[N], 

i.e. the Poincare dual of i^,[N] is p*p*{g), which follows from the construction of the 
submanifold in the proof of Lemma 4.4 in [1]. 
Note that 

A{N) = i*A{M), 

where A{M) G H^*{M;Q). Since M x R* has finite 7r2(M x M*) and 7r4(M x M*), 
and is a G-transverse submanifold of M x M*, the G action on N is non-trivial and 
A{N)[N] = 0. Hence, by Corollary 

= A{N)[N] 
= {i*A{M))[M] 
= A{M){t4N]) 
= A{M){p*p* n[M xR^]) 
= l(M)(p*S*y n [M X M*]) 
= A{M){p*yr][M]) 
= {A{M)Up*y)[M]. 

□ 

Let / : M — > K{tti{M), 1) be a map, assume that /* : vri(M) — )■ 7ri(M) is onto, 
one can define n' to be 7ri(M)//^,i*(7ri(G)), where i : G — )• M is induced by the action 
of G on the base point of M. Notice that i=i,(7ri(G)) is contained in the center of vri(M) 
P page 40]. Let a : 7ri(M) — )■ vr' be the projection. 

Theorem 4.1 Let M be a closed, connected, smooth manifold with finite tt2{M) and 
TT^lM), and let G be a compact, connected, positive- dimensional Lie group acting 
smoothly and effectively on M. Let f : M — > K{-ki{M), I), and x G H*{K{tt', 1); Q). 
Then {f*a*{x) U A)[M] = 0, where A G H*{M; Q) is the A polynomial in the Pontr- 
jagin classes. 
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Proof. By Theorem 1.1 in Broader, there is a map (j) : H^{M/S\ Q) — y H^{K{7r', 1), Q) 
such that the following diagram commutes, 



so that {AU f*a*{x))[M] = (A Up*0*(a;))[M] = 0, for every x e H*{K{n\ 1),Q). 
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